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Optical frequency combs1,2 establish a rigid phase-coherent link between mi-
crowave and optical domains and are emerging as high-precision tools in an
increasing number of applications3. Frequency combs with large intermodal
spacing are employed in the field of microwave photonics for radiofrequency ar-
bitrary waveform synthesis4,5 and for generation of THz tones of high spectral
purity in the future wireless communication networks6,7. We demonstrate for
the first time self-starting harmonic frequency comb generation with a THz rep-
etition rate in a quantum cascade laser. The large intermodal spacing caused by
the suppression of tens of adjacent cavity modes originates from a parametric
contribution to the gain due to temporal modulations of the population inver-
sion in the laser8,9. The mode spacing of the harmonic comb is shown to be
uniform to within 5× 10−12 parts of the central frequency using multiheterodyne
self-detection. This new harmonic comb state extends the range of applications
of quantum cascade laser frequency combs10–13.
Several techniques to generate optical frequency combs (OFCs) have been demonstrated
in the last decades based on different nonlinear mechanisms that fulfill the modelocking
condition. Originally, passively modelocked lasers based on saturable absorption and Kerr
lensing were used to create short light pulses, and were subsequently shown to also constitute
frequency combs. This type of modelocking is an example of amplitude-modulated mode-
locking, so-named for the temporal behavior of the electric field of the emitted light. How-
ever, these techniques usually result in elaborate optical systems. More recently, new routes
promising chip-scale comb generators have been investigated based on optically-pumped
ultra-high-quality-factor crystalline microresonators14–16 and on broadband quantum cas-
cade lasers (QCLs) with specially designed multistage active regions10,17. In both cases the
essential underlying mechanism responsible for the generation of OFCs is cascaded four-wave
mixing (FWM) enabled by a third-order χ(3) Kerr nonlinearity. The temporal behavior of
these OFCs is not restricted to ultrashort pulses but can represent rather sophisticated
waveforms due to a non-trivial relationship among the spectral phases of the comb teeth. In
fact, the output of a QCL-based frequency comb resembles that of a frequency-modulated
laser with nearly constant output intensity10,18.
A novel mechanism of OFC generation in QCLs was suggested by the recent discovery
of a new laser state19, which comprises many modes separated by higher harmonics of the
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cavity free spectral range (FSR) (Figure 1a). This spectrum radically differs from that of
fundamentally modelocked QCL combs where adjacent cavity modes are populated (Figure
1b). This new state is achieved by controlling the current so that the QCL first reaches
a state of high single-mode intracavity intensity. When this intensity is large enough, an
instability threshold is reached caused by the χ(3) population pulsation nonlinearity, favor-
ing the appearance of modes separated by tens of FSRs from the first lasing mode. In
this work, we verify the equidistance of these modes, thereby proving that QCLs are capa-
ble of harmonic modelocking and concomitant high-repetition-rate OFC generation. While
OFCs with repetition frequencies in the range between 10 and 1000 GHz have already been
demonstrated in optically-pumped microresonators14, the generation of high-repetition-rate
OFCs based on harmonically modelocked QCLs presents the advantage of a truly mono-
lithic, electrically-driven source. It is notable that this type of modelocking does not require
additional intracavity nonlinear elements such as saturable absorbers, or mode-selection ele-
ments, such as Bragg reflectors, that were used to achieve passive harmonic modelocking at
THz repetition rates in other semiconductor lasers20. Rather, the modes are locked passively
due to the behavior of the QCL gain medium itself.
In this work we employed two Fabry-Perot (FP) QCLs fabricated from the same growth
process with 6 mm-long cavities and emitting at 4.5 µm (see Methods for details). The
devices are coated with a high-reflectivity coating (R ≈ 1) on the back facet and an anti-
reflection coating (R ≈ 0.01) on the front facet. Due to the cavity asymmetry introduced
by the coatings, the harmonic spectra produced by these lasers exhibit sidebands with
much larger separation than that of nominally identical uncoated devices, a phenomenon
attributed to a weaker population grating favoring a coherent instability with larger sideband
separation19.
These devices exhibit four distinct laser states as a function of the injected current which
are shown in Figure 2a. Starting from single-mode operation and slowly increasing the
bias, one can observe the harmonic state appearing at a pump current only fractionally
higher than the lasing threshold. No beatnote at the cavity roundtrip frequency (frt) is
observed in this regime (Figure 2b), confirming the absence of interleaving FP modes. At
higher values of injected current the laser transitions to a single-FSR-spaced state producing
a single narrow intermodal beatnote (FWHM < 1 kHz) at frt indicating the occurrence
of fundamental modelocking and the comb nature of this state10. Finally at even higher
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current the single-FSR comb acquires a high-phase-noise pedestal – a typical signature of
comb destabilization21. To verify the spacing uniformity of the modes of the harmonic state,
techniques developed to investigate combs with an intermodal spacing in the lower GHz
range, such as intermode beat spectroscopy10 and SWIFTS12, cannot be applied because the
THz-scale beatnote frequency of the harmonic state is beyond the bandwidth of conventional
mid-IR detectors and radiofrequency (RF) electronics. Instead, we use a technique that
was first developed to characterize high-repetition-rate microresonator combs, in which the
sample comb spectrum is downcoverted from the optical to the RF domain by means of
multiheterodyne beating with the modes of a finely-spaced reference comb22. In this scheme,
if the harmonic state constitutes a frequency comb the down-converted spectrum will form
an RF comb whose equidistant spacing can be accurately verified using electronic frequency
counters.
For the multiheterodyne experiment we use two QCLs, one operating in the harmonic
regime (QCL1) and the other in a fundamentally modelocked regime (QCL2) acting as a
reference comb with an intermodal spacing of ∼7.7 GHz. We employ a self-detection scheme
in which the light emitted from QCL1 is injected, after passing through an optical isolator,
into the cavity of QCL2 (Figure 3f). The latter acts at the same time as a reference comb
and a fast photomixer23, from which we can extract electrically the multiheterodyne signal
generated by the intracavity beating of the optical fields of the two lasers. The attractive
feature of this scheme is that it provides better signal stability as compared to a standard
approach utilizing an external fast photodiode. The description of this method is relegated
to the Supplementary Materials while its result is given for comparison in Figure 3g,h.
The emission spectra of the harmonic and reference comb measured using the self-
detection scheme are shown in Figure 3a,b. QCL1 is operating in the harmonic regime,
while QCL2 is operating in a fundamentally modelocked regime exhibiting adjacent cavity
modes that constitute an equidistant grid with a spacing defined by frt (Figure 3c,d). In-
terestingly, several prominent peaks not lying on this grid can be identified in the spectrum
of QCL2 (marked by green triangles in Figure 3b-d) corresponding to modes injected from
QCL1 into QCL2. The pairwise beating of the modes of the harmonic state with the nearest
modes of the reference comb produces the multiheterodyne spectrum shown in Figure 3e.
To assess the locking of the harmonic modes we further downconvert the multihetero-
dyne signal with an RF mixer and select three beatnotes of the spectrum using bandpass
4
filters whose output is fed into three synchronized frequency counters. From the measured
frequencies a histogram showing the statistics of the deviation from equidistant spacing of
the RF comb can be constructed (Figure 3g). The fractional frequency stability of the dual-
comb system exhibits an inverse square root dependence on the averaging time indicating
the dominance of white-noise frequency modulations in the system giving origin to random
and uncorrelated fluctuations following a normal distribution (Figure 3h). This allows to
fit the histogram with a Gaussian function which yields a mean value of µ = −27 Hz and
a standard deviation of σ = 329 Hz. This result verifies the equidistant spacing of the
harmonic comb with a relative accuracy of σ/fc = 5 × 10−12, as normalized to the optical
carrier frequency of the laser (fc = 66.7 THz), being an order of magnitude smaller than for
the measurement based on external detection. This net improvement is due to the higher
stability of the multiheterodyne signal in the self-detection scheme (Figure 3h).
In order to explain the occurrence of harmonic modelocking we resort to a perturbation
theory of comb formation in QCLs considering the interaction of a two-level gain medium
with a field comprised by a central mode and two weak equally detuned sidebands in the
laser cavity. The nature of the parametric gain responsible for adjacent mode skipping in
the laser was already studied in Ref. 19. Here we apply a more general approach which
includes in a systematic way the effects of nonequal sideband amplitudes, diffusion of the
population grating and group velocity dispersion (GVD), which may hamper comb opera-
tion21. The complete derivation of our theory is given in the Supplementary Section III,
while here we outline the main implications given by the solutions of our model for the real
device parameters. The subthreshold GVD of QCL1 measured by a standard technique
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is displayed in Figure 4a. The net parametric gain calculated as a function of sideband
detuning is shown in Figure 4b: it peaks at a frequency of 200 GHz (26 FSR of a 6 mm long
cavity) with respect to the central mode indicating that the modes at this frequency are the
first to oscillate, while the modes lying closer to the central pump are parametrically sup-
pressed. Furthermore we calculate that FWM can compensate for the non-zero dispersion
of the real device up to a value of GVD of 6000 fs2/mm above which the onset of harmonic
modelocking is hampered (Figure 4c). These results are consistent with our experimental
findings proving the occurrence of harmonic modelocking in a QCL with GVD below 1000
fs2/mm.
The ability to generate and passively mode-lock harmonic modes while skipping adjacent
5
cavity resonances relies on a coherent instability enabled by the QCL gain medium itself
unveiling the compelling dynamics of the new laser state in QCLs. Locking of comb teeth
with a spacing comparable to the gain recovery frequency represents a major step towards
the demonstration of coherent mid-infrared amplitude-modulated waveform emission from
QCLs, long thought to be prevented by the underlying physical principles, paving the way
towards applications requiring short pulses of mid-infrared light. On the other hand, QCL
harmonic comb generators may find their application in future wireless THz communication
networks25, as they combine the functionality of a high-bandwidth photomixer and a comb
source promising the intracavity generation of powerful THz carrier signals, whose frequency
can be designed by engineering the facet coatings of the device19 and where the phase noise
is inherently low due to a high degree of correlation among the optical modes that produce
the beatnote. Merging this capability with the fact that QCLs can be optimized to have a
flat frequency response over a large modulation bandwidth26 may allow them to operate as
compact unibody modems to transmit and receive digital data in the THz communication
band.
METHODS
Quantum cascade lasers. The devices are continuous wave, buried heterostructure,
Fabry-Perot QCLs fabricated from the same growth process and emitting at 4.5 µm (Thor-
labs). The single-stack active region consists of strain-balanced GaxIn1−xAs/AlyIn1−yAs
layers grown on an InP substrate27. The length and width of the buried waveguide are, re-
spectively, 6 mm and 5 µm. The spectral evolution of the device named QCL1 was reported
in Ref. 19 (“TL-4.6:HR/AR”) while that of QCL2 is given in the Supplementary Section I.
The QCLs are driven with low-noise current drivers (Wavelength Electronics QCL LAB
2000) with an average specified current noise density of 4 nA/
√
Hz and their temperature
is stabilized using low-thermal-drift temperature controllers (Wavelength Electronics TC5)
with typical fluctuations smaller than 10 mK.
Multiheterodyne set-up. We employ two different configurations for the multihetero-
dyne experiment: the self-detection and the external detection mode. In the first scheme
(Figure 3f) the beam emitted from a QCL operating in the harmonic regime (IQCL1 = 1008
mA) is collimated using an off-axis parabolic mirror (25.4 mm focal length) and sent through
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a Faraday isolator (Innovation Photonics, 30 dB extinction ratio) to prevent feedback-
induced destabilization of the harmonic state. A beam reducer is used to decrease the
beam diameter and maximize its transmission through the isolator. After partial attenua-
tion by a neutral density filter the beam is focused inside the cavity of a second QCL acting
simultaneously as a reference comb and a fast photomixer (IQCL2 = 1015 mA). By using
a beamsplitter (45:55 splitting ratio) and a flip mirror one can selectively measure with
an FTIR spectrometer (Bruker Vertex 80v, 0.1 cm−1 resolution) the optical spectra of the
harmonic comb, and reference comb upon injection. In the external detection mode (Figure
S 3a) both QCLs are free-running, one operating in the harmonic regime (IQCL1 = 1139
mA) and the other as a reference comb (IQCL2 = 1084 mA), and the two collinear beams
are focused onto an external fast MCT detector (Vigo PVI-2TE-5, 1 GHz bandwidth). The
detector is tilted at an angle to minimize optical feedback on the lasers. In both configu-
rations, the beating of the optical fields, whether occurring inside the cavity of the QCL
detector or on the fast photodetector, is converted into an RF signal that is sent to the RF
circuit shown in Figure 3f. An RF bias-tee is used to extract the multiheterodyne signal
from the QCL detector. The RF signal is amplified and then down-converted using an RF
mixer. The LO signal is supplied by a tunable signal generator (R&S SMF100A). While
monitoring the RF signal on the spectrum analyzer it is possible to tune the central fre-
quency of the multiheterodyne spectrum by adjusting the LO frequency and the spacing
between individual tones by tuning the currents of the two QCLs. This allows to align three
adjacent beatnotes of the spectrum within the passbands (60 MHz) of three homemade fil-
ters, centered at 50 MHz, 135 MHz and 220 MHz. The filtered signals are amplified and
their frequency is measured using three synchronized frequency counters (Agilent 53220A)
sharing the same external gate and trigger control and a 10 MHz clock reference.
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FIGURES
(a)
400 GHz
(b) 7.7 GHz
FIG. 1. Harmonically- and fundamentally-modelocked frequency combs generated in
QCLs. (a) Optical spectrum of a mid-infrared QCL in the harmonic state with a repetition rate
of 400 GHz. (b) Optical spectrum of a fundamentally modelocked QCL with a repetition rate of
7.7 GHz. In both cases the cavity free spectral range is 7.7 GHz.
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(a) (b)
FIG. 2. Spectral evolution of Fabry-Perot QCLs. (a) Optical spectra corresponding to differ-
ent laser states (from low to high current): single mode, harmonic frequency comb, fundamentally
modelocked frequency comb, and high-phase-noise state. (b) Corresponding radiofrequency spec-
tra acquired at the QCL cavity roundtrip frequency (f0 = 7.6776 GHz at 920, 960 and 1121 mA,
and 7.6678 GHz at 1260 mA, RBW = 200 kHz). The absence of the intermodal beatnote in the
harmonic state (960 mA) signifies the suppression of adjacent FP modes. The narrow beatnote at
the cavity FSR is a signature of comb operation and appears when neighboring FP modes start las-
ing (1121 mA). At 1260 mA the comb is destabilized and the beatnote features a high-phase-noise
pedestal.
10
QCL
2
QCL
1
LO
Reference
comb
FTIR
Harmonic
comb ISO
BR
BS
FLIP
BP
3
BP
2
BP
1
A
RF circuit
Counter 3
Spectrum
analyzer
Counter 2
Counter 1
NDF
Current
source
Current
source
(f)(a)
(b)
(c) (d)
Harmonic comb
Reference comb
QCL1, 1008 mA
QCL2, 1015 mA
(e) Multiheterodyne (g) (h)
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FIG. 3. Mode spacing uniformity of the harmonic state. (a) Optical spectrum of QCL1
in the harmonic regime. (b) Optical spectrum of QCL2 (reference comb) upon optical injection
from QCL1. (c) and (d) show a magnified view of a portion of the spectrum of QCL2. (e)
Multiheterodyne spectrum produced by the pairwise beating of the nearest modes of the two
lasers. The orange trace represents the spectrum averaged over 1000 sweeps of 2 ms. (f) Optical
and RF set-up for the assessment of the comb nature of the harmonic state. BR, beam reducer;
ISO, optical isolator; BS, beamsplitter; FLIP, flip mirror; NDF, neutral density filter; BP, bandpass
filter. The RF mixer is used to downconvert the multiheterodyne signal and aligh the beatnotes
within the passbands of the electrical filters by changing the LO frequency. (g) Histogram showing
the deviation from equidistant spacing of the harmonic state measured with the set-up shown in
(f) for a gate time of 10 ms and 402 counts. The parameters of the Gaussian fit (red curve) are
µ = −27 Hz and σ = 329 Hz. Inset: histogram obtained with the same technique while beating
on external detector. (h) Fractional frequency stability of the dual-comb system in self-detection
mode (squares) versus external detection mode (circles). The self-detected system shows more than
an order of magnitude of increase in frequency stability.
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QCL1, 727 mA(a)
(b) (c)
QCL1
FIG. 4. Harmonic modelocking in presence of native dispersion. (a) Measured subthresh-
old GVD of QCL1. Experimental data (empty circles) is fitted with a parabola (red curve). (b)
Net gain predicted by the perturbation theory of harmonic comb formation using the device pa-
rameters of QCL1, including the measured subthreshold GVD. (c) Calculated frequency pulling
exerted by FWM processes occurring in the QCL and compensating the dispersion of the laser as
a function of the subthreshold GVD (continuous blue line), a phenomenon theoretically treated in
Supplementary Section III. Above 6000 fs2/mm FWM cannot compensate for the laser dispersion
(dashed grey line) preventing the occurrence of harmonic modelocking. The GVD value of QCL1
is shown as a reference (red circle).
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I. DETAILED SPECTRAL EVOLUTION OF THE QCL
The purpose of this section is to provide further details on the spectral evolution of the
QCL from single mode to dense state as a complement to the main text where we highlight
the fundamental different regimes exhibited by the laser. During characterization the device
(QCL2) is free-running and operating at a temperature of 16
◦C. One can clearly identify
four distinct laser states as a function of the injected current: single mode (840 mA and 920
mA), harmonic state (861-910 mA and 921-960 mA), single-FSR-spaced comb state (966-
1220 mA) and high-phase-noise state (above 1260 mA). Once the instability threshold is
reached the central laser mode develops two sidebands (861 mA) that proliferate further via
FMW preserving the initial sideband spacing (∼25 FSR) at higher currents. A remarkable
event happens at 920 mA when the laser collapses back to the single mode regime (note the
detuning of the mode by 10 cm−1 with respect to the frequency at the lasing threshold) and
soon after, at 921 mA, it reaches a second instability threshold with sidebands spaced by
twice the initial spacing (∼50 FSR). At 966 mA another abrupt transition leads to the evo-
lution into the single-FSR-spaced comb regime characterized by prominent harmonic peaks
observed altogether with interleaving Fabry-Perot modes. A narrow intermodal beatnote is
observed at the cavity roundtrip frequency in this regime (Figure 2b). The main harmonic
peaks are separated again by ∼25 FSR. Further increase in pump current leads to the tran-
sition into the high-phase-noise regime at 1260 mA characterized by laser modes populating
all adjacent Fabry-Perot resonances and an intermodal beatnote acquiring a noise pedestal
(Figure 2b). The spectral evolution of QCL1 was reported in Figure 6a of Ref. 1.
II. MULTIHETERODYNE DETECTION EXPERIMENTS
A. Frequency counting
A key feature of the downconverted RF spectrum produced in a multiheterodyne beating
experiment (see Figure 3e) is that its spacing is directly linked to the spacing of the two
optical spectra producing it. Specifically, given the repetition rates frep, 1 and frep, 2 of the
harmonic state of QCL1 and single-FSR-spaced comb state of QCL2, respectively, the spac-
ing of the multiheterodyne spectrum is frep, 1 mod frep, 2. Therefore, measuring the spacing
uniformity of the multiheterodyne spectrum allows one to directly verify the equidistant
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spacing of the harmonic state. Three selected beatnotes of the downconverted RF spec-
trum generated in the multiherodyne experiment described in the main text are shown in
Figure S 2a. Their frequencies, f1, f2 and f3, lie within the passbands of the filters and
are measured with three synchronized Λ-type frequency counters (gate time = 10 ms, duty
cycle = 50%) during a time interval of 8 s. As can be observed in Figure S 2b-d the
temporal traces of f1, f2 and f3 exhibit a high degree of correlation despite sizeable, low
frequency oscillations of the order of few MHz caused by thermal fluctuations occurring in
the lasers. For every set of data points in the traces a value of deviation from equidistant
spacing can be defined as ε(t) = f3(t)− 2f2(t) + f1(t). The statistical analysis of the oscil-
lations of ε(t) allows one to construct a histogram to verify the spacing uniformity of the
RF comb. We derive the fractional frequency stability of the dual-comb system using the
Allan deviation algorithm for different averaging time intervals and normalized to the optical
bandwidth of the measurement (801 GHz). To be precise, the Allan deviation is defined for
frequency measurements acquired using zero-dead-time counters2. Measurements involving
Λ-type counters with non-zero dead time, as in the present study, have reduced sensitivity
to fluctuations at high Fourier frequencies (as compared to the reciprocal of the gate time),
possibly resulting in an incorrect estimate of the Allan deviation3. However, in terms of
the present work the fractional frequency stability is suitable to identify the nature of the
low-frequency noise of the system and to compare the relative stability of the downconverted
comb among different detection schemes.
B. External detection mode
To complement the multiheterodyne experiment in self-detection mode discussed in the
main text we carried out an experiment in external detection mode, where the beating
of the optical fields emitted from the two QCLs occurs on an external fast photodetector
ensuring the uncoupling of the lasers. The optical set-up used in this experiment is shown
in Figure S 3a, while the RF circuit is the same of Figure 3f. Qualitatively, the same results
of the experiment carried out in injection mode are obtained in the arrangement of external
beating (Figure S 3b,c) confirming the spacing uniformity of the harmonic state, however
with a somewhat smaller relative accuracy of 5 × 10−11 due to the larger instability of the
multiheterodyne signal occurring in this scheme, which causes more frequent fluctuations
3
of the beatnotes outside the passband of the filters and, consequently, a larger number of
missed counts by the frequency counters.
III. THEORETICAL MODEL OF HARMONIC COMB FORMATION
In this section we outline the simplest model of the nonlinear mode coupling in a laser
with a two-level active medium leading to the formation of the harmonic comb spectrum
featuring a high degree of parametric suppression of intermediate cavity modes. For the
sake of simplicity we consider the case of a high-Q symmetric Fabry-Perot cavity where an
orthogonal set of cavity modes can be defined, as opposed to a leaky cavity with HR/AR-
coated facets as in the devices used in our experimental study. We will calculate the linear
parametric gain of the sidebands in the presence of a strong central laser mode, and assume
that the actual sidebands in the nonlinear regime will develop at the maximum of the gain
spectrum. We note the difference of this approach with respect to that of other reported
models investigating the impact of FWM on mode-coupling and modal phase relationship in
single-FSR-spaced QCL combs, which also rely on Maxwell-Bloch equations but consider an
electric field constituted by a large number of optical modes spaced by the cavity roundtrip
frequency4,5. The space-time-domain simulations of a harmonic comb formation with a more
realistic model for the QCL active region and arbitrary cavity geometry are underway and
will be reported elsewhere.
We develop a linear theory of the sideband formation due to FWM within a 1D cavity
model described by the Maxwell-Bloch equations
∂tρul = −
(
iωul +
1
T2
)
ρul − idE~ ∆,
∂t∆ = −∆−∆p
T1
− 2idE
~
(ρul − ρ∗ul) +D
∂2∆
∂z2
,
∂2zE −
n2
c2
∂2tE = κd∂
2
t (ρul + ρ
∗
ul), (1)
where D is the diffusion coefficient of the population inversion ∆, E is the electric field, ρul
is the off-diagonal density matrix element at the laser transition, n is the effective refrac-
tive index of a given transverse waveguide mode, κ = 4piΓ/c2Lp with Γ being the optical
confinement factor and Lp the length of one period of the active region.
As both facets have the same reflectivity, any single-frequency component is a standing
4
wave. Assuming that the reflection on the facets gives a zero phase shift and the laser cavity
is between z = 0 and z = L, the spatial structure is cos(kz), with kL = integer × pi. We
assume that the laser starts at a central mode and then two weak sidebands appear which
have equal detunings δω and −δω, as required by energy conservation. Also, the wavevector
detunings are equal and opposite between the two sidebands corresponding to the phase
matching requirement. If the sidebands are weak, we can keep only the couplings to the first
order of the sidebands; then no other frequency components will appear. So we can use the
set of ansatzes
E = E0 cos(k0z)e
−iω0t + E+ cos(k+z)e−iω+t + E− cos(k−z)e−iω−t + c.c.,
ρul = η0 cos(k0z)e
−iω0t + η+ cos(k+z)e−iω+t + η− cos(k−z)e−iω−t,
∆ = ∆0 + ∆2 cos(2k0z)
+ ∆+ cos(δkz)e
−iδωt + ∆− cos(δkz)eiδωt
+
[
∆2+ cos((k0 + k+)z)e
−iδωt + ∆2− cos((k0 + k−)z)eiδωt + c.c.
]
, (2)
where ∆− = ∆∗+, k0 = n(ω0)ω0/c, ω± = ω0 ± δω and k± = k0 ± δk. Here we have kept only
the relevant terms to the first order. We will first solve for the steady state in the presence
of the central mode. Assuming the field of the central mode E0 to be not too strong so
that the Rabi frequency d|E0|/~ is smaller than the saturation value 1/
√
T1T2, we can keep
terms up to the order |E0|2. This is equivalent to the χ(3) approximation for the resonant
gain nonlinearity. Proceeding in this way we obtain linear equations for complex sideband
amplitudes. The phase part of these equations is(
n2(ω+)ω
2
+
c2
− k2+
)
= −κdω2+
(
<[α++] + <[α+−eiφ] |E−||E+|
)
,(
n2(ω−)ω2−
c2
− k2−
)
= −κdω2−
(
<[α−−] + <[α−+eiφ] |E+||E−|
)
. (3)
The amplitude equations are obtained by taking into account that in the linear theory both
sidebands grow in time exponentially with gain g, i.e. as egt:
2
n2(ω+)
c2
g = −κdω+
(
=[α++] + =[α+−eiφ] |E−||E+|
)
,
2
n2(ω−)
c2
g = −κdω−
(
=[α−−] + =[α−+eiφ] |E+||E−|
)
. (4)
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The parameters α are related to the susceptibility tensor as
η+ = α++E+ + α+−E∗−,
η− = α−−E− + α−+E∗+, (5)
and the expressions of α are
α++ =
d
~
∆th
δω + i/T2
[
1 +
(
d|E0|
~
)2(
TgT2 +
1
2
(
1
δω + i/T1
+
1
δω + i/Tg
)(
1
δω + i/T2
− iT2
))]
,
α+− =
1
2
d
~
∆th
δω + i/T2
(
dE0
~
)2
1
δω + i/T1
(
−iT2 + 1
δω + i/T2
)
,
α−− = α++|δω→−δω,
α−+ = α+−|δω→−δω, (6)
where ∆th is the threshold population inversion, and T
−1
g = T
−1
1 + 4k
2
0D.
Eqs. (3) and (4) contain 5 unknowns: relative phase φ = arg(E∗−) − arg(E+), δω, δk,
|E−|/|E+| and g. One can solve for any 4 parameters as a function of the fifth. In the
main text we plot the gain spectrum as a function of δω considering a pumping 10% larger
than the lasing threshold (Fig. 4). In these plots we include the GVD effect due to the
material and waveguide through the frequency dependence of the refractive index n(ω) =
3.23+0.5c · βGVD · (ω−ω0) and use all other parameters for this laser1: emission wavelength
λ = 4.5 µm, gain recovery time T1 = 1.7 ps, dephasing time T2 = 74 fs, dipole moment
d = 1.63 nm, and sub-threshold GVD βGVD = 400 fs
2/mm. The gain-related GVD and
higher-order dispersive terms are included automatically in the model.
In our analysis, the two sidebands have the same frequency detuning. However, the
GVD disperses the modes producing mismatched frequency detunings. This mismatch is
pulled back by the interaction between the sidebands and the central mode. We can define
a frequency pulling, which is equal to the frequency mismatch due to GVD. It is derived to
be
∆ωpull (βGVD) =
cδω2βGVD
n(ω0) +
1
2
cω0βGVD
. (7)
The frequency pulling is plotted as a function of subthreshold GVD in Fig. 4c of the main
text.
The plot of the gain spectrum shows a large separation of the gain peaks: around 200
GHz from the central mode (26 FSR of a 6 mm long cavity), in qualitative agreement with
6
the experiments. With increasing magnitude of the material/waveguide GVD, the solution
with sideband gain maxima satisfying energy and phase matching can be found up to the
value βGVD ∼ 6000 fs2/mm. Above this value of GVD, no such solution exists, indicating
that FWM cannot overcome the dispersion and cannot support harmonic modelocking.
7
FIGURES
Figure S 1. Spectral evolution of a QCL as a function of the injection in the device starting from
the lasing threshold and increasing the current.
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(a)
(b)
(c)
(d)
f1 f2 f3
Figure S 2. Frequency counting. (a) Three selected beatnotes of the RF spectrum generated
in the multiheterodyne experiment shown in Figure 3. The colored rectangles correspond to the
different bandwidths of the RF filters. (b)-(d) Frequency traces measured by the synchronized
frequency counters over a time interval of 8 s (gate time: 10 ms).
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Figure S 3. Multiheterodyne experiment in external detection mode. (a) Optical set-up
for the assessment of the comb spacing uniformity of the harmonic state in external detection
mode. FM, flip mirror; NDF, neutral density filter; FLIP, flip mirror; MCT, HgCdTe detector.
(b) Histogram showing the deviation from equidistant spacing of the harmonic state measured
with the set-up shown in (a) for a gate time of 10 ms and 147 counts. The parameters of the
Gaussian fit (red curve) are µ = 0.5 kHz and σ = 3.0 kHz. (c) Fractional frequency stability of the
dual-comb system in external detection mode. The power fit (red line) indicates an inverse square
root dependence on the averaging time (fitted exponent: −0.50).
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